Abstract. Several inequalities of Ostrowski-Grüss-type availabe in the literature are generalized considering the weighted case of them. Involving the least concave majorant of the modulus of continuity we provide upper bounds of our inequalities.
Introduction
Over the last decades, integral inequalities have attracted much attention because of their applications in statistical analysis and the theory of distributions. In this paper we improve the classical Ostrowski type inequality for weighted integrals and generalize some Ostrowski-Grüss type inequalities involving differentiable mappings. Also, applications to special weight functions are investigated.
For each x ∈ [a, b] consider the linear functional
If f : [a, b] → R is differentiable with bounded derivative, then
where γ := inf{f ′ (x)|x ∈ [a, b]} and Γ := sup{f ′ (x)|x ∈ [a, b]} . The inequality (3) was proven by S.S. Dragomir and S. Wang [3] and it is known as the OstrowskiGrüss-type inequality. This inequality was improved by M. Matić et al. [6] , and we recall their result in (2) . An improvement of this result was given by X.L. Cheng in [2] , as shown in relation (1) . He also proved that the constant 1/8 is best possible.
In [5] the authors introduced the linear functional
The following result gives bounds of the functional L c involving differences of upper and lower bounds of first order derivatives.
where u c (x) := c x − a + b 2 .
Remark 1.2. a) From (4), with c = 1, inequality (1) follows which was established by X.L. Cheng in [2] . b) As a consequence of (4), for c = 0, the following inequality holds:
This inequality improves the classical Ostrowski inequality presented by Anastassiou in [1] in the form
Weighted versions of (3), (2) and (1) were established by J. Roumeliotis in [7] and [8] . These results are given below. The weighted variant of the functional L can be written in the following way:
→ R be differentiable with bounded derivative and let w : (a, b) → (0, ∞) be integrable. Then
In this paper we propose the weighted analogue of (4). Also, new inequalities of L w,c will be considered involving the least concave majorants of the first order moduli of continuity.
Generalized Ostrowski-Grüss type inequalities
In this section we will give the upper bounds of L w,c involving differences of upper and lower bounds of first order derivatives. First, we need the following lemma.
Proof. Let us consider a ≤ x ≤ σ(a, b) and
Since f is strictly increasing on (
In a similar way for σ(a, b) < x ≤ b follows that there exists a unique t
It is easy to verify that, for all
where ν(x, t
We have
Weighted Ostrowski-Grüss type inequalities
Therefore,
By similar reasoning it follows that (7) is also valid if σ(a, b) ≤ x ≤ b.
If we write (7) for −f instead of f , we obtain
Proof. The inequality (8) follows from (6) with c = 1. 
Therefore, in (8) equality holds.
Proof. This result is a consequence of (6), for c = 0.
Remark 2.5. a) Inequality (8) was established by J. Roumeliotis [8] . b) Inequality (9) improves the classical weighted Ostrowski inequality
3. Ostrowski-Grüss-type inequalities in terms of the least concave majorant
The aim of this section is to extend the inequalities mentioned in the previous section, by using the least concave majorant of the modulus of continuity. This approach was inspired by a paper of Gavrea & Gavrea [4] who were the first to observe the possibility of using moduli in this context.
, where c ∈ [0, 1] and ν is defined in Theorem 2.1.
Proof. Inequality i) follows immediately from definition of L w,c . The second inequality is obtained after elementary calculations as follows:
By similar reasoning, for σ(a, b) < x ≤ b, it follows
where ν is defined in Theorem 2.1 andω is the least concave majorant of the usual modulus of continuity.
Proof. Taking an arbitrary g ∈ C 1 [a, b] and using Proposition 3.1 we obtain
Passing to the inf we arrive at (11) r.h.s of (11) f ( 2. Let the weight w be the probability density function of the normal distribution Here φ is Laplace's function and φ(1) = 0.3413.
